We obtain a characterization of the Hamilton paths in the cartesian product Z x Zb of two directed cycles. This provides a correspondence between the collection of Hamilton paths in Za x Zb and the set of visible lattice points in the triangle with vertices (0,O) , (0,a) , and (b,0) . We use this correspondence to show there is a Hamilton circuit in the cartesian product of any three or more nontrivial directed cycles. Our methods are a synthesis of the theory of torus knots and the study of Hamilton paths in Cayley digraphs of abelian groups.
INTRODUCTION
In most of this paper we consider Hamilton paths in the cartesian product In the final section of this paper we show there is a Hamilton circuit in the cartesian product of any three or more nontrivial directed cycles.
~olszty6ski and Strube [4, Section 51 asked: When is there a Hamilton circuit in the cartesian product of r directed cycles? The case r = 1 is trivial.
Trotter and Erdos [lo, Theorem 11 gave a necessary and sufficient condition in the case r = 2 (sometimes there is no Hamilton circuit). Thus, our theorem completes the solution of this problem.
We adopt the standard approach of studying cartesian products of directed cycles by considering the more general subject of Cayley digraphs in abelian groups (see Remark 2.2). See [I] for some references on this subject.
S.J. Curran and D. Wine
Theorem 7.2 is a strong form of Theorem 7.1. Only Sections 2 and 3 are pr2-requisites to understanding the statement of the latter theorem. But the statement of Theorem 7.2 also requires the study of Sections 4 and 5. The proofs of these theorems occur in Section 7: all of Sections 2 through 6 are prerequisite.
Â Essentially, only Sections 2 and 3 and the statement of Theorem 7.1 are used in the proof of our theorem on Hamilton circuits in the cartesian product of three or more nontrivial directed cycles. One who is interested in this result -need only read these parts of the paper and Section 9.
S2. CAYLEY DIGRAPHS DEFINITION 2.1. Let S generate the finite group F . The Cw'Ley digraph of tke generators S in F , denoted Cay(S : F) , is the directed graph whose vertex set is F and which has a directed arc from f to fs whenever f 6 F and s ? S .
When the set S is clear from context, we often write Cay(F) in place of Cay(S : F) . .. , (0 ...., 0,l)l in the abelian group Z x ... X Z . For any integers n , n . . . . , n > 1 , it r is trivial to show that Cay(Z x ... x Z ) is the cartesian product of r 1 r directed cycles of lengths n . . . , n respectively. SO, in this paper, we study cartesian products of directed cycles by considering Cayley digraphs in abelian groups.
NOTATION 2.3. Throughout this paper, G is a fixed finite additive abelian group generated by the set {x,~} .
NOTATION 2.4. We use some notation from group theory: ord(x) is the order of a group element x , while < S > is the subgroup generated by a subset S . and G : HI is the index of the subgroup H in G .
RE'4AE-K 2.5. All digraphs that are considered in this paper are Cayley digraphs. We a h q s assume the initial vertex of every Eamilton path is the identity element of the group (see Notation 6.2).
See Berge [2] for terminology from graph theory.
. DEFINITION OF Bt (d)
This section presents the notation necessary to understand the statement of Theorem 7.1. Throughout this section, one should refer to Figures 1 through 6.
NOTATION 3 . 1 . Let e be t h e unique i n t e g e r which s i m u l t a n e o u s l y s a t i s f i e s : 
. For any two nonzero r e s t r i c t s h i s a t t e n t i o n t o t h e c a s e where
: G ) i s t h e c a r t e s i a n product of two e = O f o r t h e p r o o f s of S e c t i o n 9 .
p o i n t s X and Y i n t h e f i r s t quadrant of t h e p l a n e R~, we w r i t e T(X,Y) f o r t h e c l o s e d t r i a n g l e w i t h v e r t i c e s ( 0 , 0 ) , X, and Y . 
. A p o i n t i n t h e p l a n e i s a lattice point i f i t s c o o r d i n a t e s
a r e i n t e g e r s .
REMARK 3.6. The sequence ( X : 0 5 t 5 I G : < y -x > l ) i s a l i s t of a l l t h e l a t t i c e p o i n t s of T which l i e on t h e l i n e segment j o i n i n g ( I G : < x > \ , 0 ) and ( e , o r d ( x ) ) .
NOTATION 3.7.
For 0 s t < J G : < y -x > l . l e t T be t h e s e t of l a t t i c e p o i n t s i n t h e c l o s e d t r i a n g l e T ( X , X I ) .
NOTATION 3 . 8 . For t h e remainder of t h i s s e c t i o n , f i x some i n t e g e r t with
Each nonzero element of T l i e s on a unique r a y extending from t h e o r i g i n . L i s t t h e s e r a y s R,, ..., Rf s o t h a t & h a s g r e a t e r s l o p e t h a n fL .
NOTATION 3.10.
For each k ( 1 5 k 5 f ) , l e t % = (% , %) be t h e unique l a t t i c e p o i n t on ray fL which s a t i s f i e s gcd(\) = 1 . i . e . , l e t be t h e f i r s t nonzero l a t t i c e p o i n t on V NOTATION 3.11.
( a ) For 1 5 k 5 f , l e t (b) For 1 < k < f , l e t u , h + 2 Z h . . A l s o , p u t uo = 0 and j = 2 J Uf = uf-l + hf . i s a l i s t of t h e elements of T \ { X , X } which l i e on ray \ . Also,
Proof. Let b be t h e number of l a t t i c e p o i n t s on t h e boundary of t h e t r i a n g l e T ( X , X I ) , and l e t c be the number i n t h e i n t e r i o r . W e have f -1 c = 2 $ (by Remark 3 . 1 2 ) . Because X and X 1 a r e t h e only l a t t i c e points k=2 on l i n e segment Xt Xt+l (by Remark 3 . 6 ) , we have b = h, + h + 3 . P i c k ' s Theorem 15, pp.27-311 s t a t e s
It t h e r e f o r e s u f f i c e s t o show
Because (by Notation 3.4 and Remark 3.6) t h e p o i n t s X (0 5 s 5 ] G : < y -x > 1 ) a r e e q u a l l y spaced along a s i d e of T , we have
NOTATION 3.14. W e d e f i n e l a t t i c e p o i n t s B ( d ) , f o r 0 5 d < ord(~-x) , a s follows.
(We o f t e n w r i t e B(d) when t h e i n t e g e r t i s c l e a r from c o n t e x t . )
(c) Let (B(d) : uf-l 5 d 5 u ) be t h e l i s t (0,O) , A 2 A f , ... , hf A f . I n t u i t i v e l y , t o c o n s t r u c t t h e l i s t B(0), B ( l ) , . . . , B ( u ) , you proceed a s follows. Begin by l i s t i n g t h e l a t t i c e p o i n t s , o t h e r than X , which a r e on t h e ray R and i n t h e t r i a n g l e T ( X , X + ) , s t a r t i n g w i t h t h e p o i n t j u s t below X and proceeding down t o t h e o r i g i n . Now move t o r a y R . ascend t h i s ray 2 ' (remaining i n s i d e t h e t r i a n g l e ) , then descend, l i s t i n g each l a t t i c e p o i n t a s i t is encountered (without repeating the topmost point). Now move to rays R3,R4,...,Rf-l in turn: ascend and descend. You end by listing the lattice points on ray R , up to the point just below =t+1 -Thus we see the geometric nature of this definition. The essence of Theorem 7.1 is that these easily computable lattice point values characterize the Hamilton paths in Cay (x,y : G) . 
t = o
For each t . t h e l a t t i c e p o i n t s A i n T(X , Xt+l) which s a t i s f y gcd(A) = 1 a r e p r e c i s e l y A, ( t ) . . . . ,A;". S i n c e A ;~) = A;"' ) , f a r e a c h t , t h e number of l a t t i c e p o i n t s A i n T which s a t i s f y gcd(A) = 1 i s F i g u r e 4 . A g e n e r i c c a s e : IGI = 3 2 , o r d ( x ) = 8 , e = 6 . Embed Cay(x,y : G) on t h e t o r u s by i d e n t i f y i n g a v e r t e x rx + sy of Cay(x,y : G) w i t h t h e point i n t h e t o r u s . Embed t h e a r c s of Cay(x,y : G) i n t h e n a t u r a l way. , then e x a c t l y m ord(x) -ne v e r t i e e s t r a v e l by x i n C , and
Proof. Solve t h e equations given i n Remark 4 . 5 t o g e t r and s i n terms of m and n . : 
we l e t H (d) be t h e spanning subdigraph of Cay(x,y : G) i n which:
A r e g u l a r c o s e t j x + <y -x > t r a v e l s by y i f 0 s j < t , and t r a v e l s by x i f t 5 j 5 IG : <y -x > 1 -2 ;
An element i ( y -x ) -x o f t h e s p e c i a l c o s e t t r a v e l s by y i f 0 5 i < d , and t r a v e l s by x i f d < i < ord(y -x ) .
When t h e i n t e g e r t i s c l e a r from c o n t e x t , we o f t e n w r i t e H(d) f o r H ( d ) .
REMARK 5.3. Both t h e i n n e r and t h e o u t e r semi-degree of any v e r t e x of ~( d ) a r e 1 , except t h a t 0 has i n n e r semi-degree 0 , and d ( y -x) - 
) i s c a l l e d standard i f t h e p a t h i s equal t o H ( d ) , f o r some i n t e g e r s t and d . I n t h e next s e c t i o n , we s h a l l show t h a t every Hamilton p a t h i n
Cay(x,y : G) i s e s s e n t i a l l y a standard Hamilton path ( s e e Corollary 6.8). Now let U be any coset of < y -x > which does not contain the terminal vertex of P . We show that U either travels by x or travels by y , as follows. If U does not travel by x then some v ? U travels by y . Since v + (y-x) â U is not the terminal vertex of P , then v + (y-x) also travels by y . Repeating the argument, v + 2(y -x) , etc. all travel by y . So the entire coset U = v + < y -x > travels by y , as desired.
(with i n i t m t vertex 0) . ihen: (a) The teTvrina1 v e r t e x of P i s an element of the spec-ial c o s e t ; i . e . , the temtinal vertex of P i s of the form
d(y -x) -x , for some (unique) integer d with 0 5 d < ord(y -x) . (b) An element i(y -x) -x of
t h e special coset t r a v e l s by y i f 0 5 i < d ; i t t r a v e l s b y x -if d < i < o r d ( y -x ) . (c) tach regular coset e i t h e r t r a v e l s by x or t r a v e l s by y .
We know -x does not travel by x , and -y does not travel by y , since 0 is the initial vertex of P . Because both -x and -y belong to the special coset < y -x > -x , this implies that the special coset neither travels by x nor travels by y . Hence, by the preceding paragraph, the terminal vertex of P is an element of the special coset. Thus the terminal vertex is Proof. Suppose
is a Hamilton path in Cay(x,y : G) . Let R ' be any permutation of R , and put Proof. Let P be a Hamilton path in Cay(x,y : G ) . Proposition 6.7 shows that by permuting the regular segment of P so that each y precedes every x .
Hamilton Paths in Cartesian Products
we obtain another Hamilton path. This new Hamilton path has regular segment (y,y,. . . ,y,x,x, . . . .x) , and hence (using Lemma 6.4(b)) is easily seen to be a standard Hamilton path. G COROLLARY 6.9. (a) The terminal yercoa-of any BamiZton pa-ch i n Cay(x,y : G)
i s an element of zhe special eoset. 
MAIN THEOREM
R e c a l l our convention t h a t every Hamilton p a t h in Cay(x,y : G) has i n i t i a l v e r t e x 0 ( s e e Notation 6 . 2 ) .
C o r o l l a r y 6.9(a) a s s e r t s t h a t t h e t e r m i n a l v e r t e x of any Hamilton p a t h in Cay(x,y : G) i s a n element of t h e s p e c i a l c o s e t < y -x > -x . So Theorem 7 . 1 g i v e s a c h a r a c t e r i z a t i o n of t h o s e v e r t i c e s of Cay(x,y : G) which a r e t h e t e r m i n a l v e r t e x of some Hamilton p a t h . ( R e c a l l t h e l a t t i c e p o i n t B ( d ) is d e f i n e d in Notation 3.14.)
for some t (.with 0 5 t < J G : < y -x > l ) . 
i s a s p e c i a l c a s e of t h e following r e s u l t . Because H ( d ) i s a Hamilton p a t h iÂ and o n l y i f i t s knot c l a s s is (0,O) ( L a m a 5 . 5 ( b ) ) , and because every Hamilton p a t h i s o b t a i n e d from a s t a n d a r d Hamilton p a t h by a permutation of t h e r e g u l a r segment ( C o r o l l a r y 6 . 8 ) , t h i s r e s u l t a l s o g i v e s a c h a r a c t e r i z a t i o n of t h e Hamilton p a t h s in
Cay(x,y : G) . Substitution of these expressions for r and s in (7.11, (7.2), and (7. 
The remainder of t h i s s e c t i o n c o n s t i t u t e s a proof of t h i s theorem. NOTATION 7.3. Throughout t h e r e s t of t h i s s e c t i o n , we f i x some t ( w i t h
t h a n t h e r e are i n ~( d )
, t h e proof of Lemma 
7.4(a) shows t h a t t h e a r c X from d(y
-x) -x t o d(y -x) i n ~( d
W e have K ( v~) = (0,O) . Thus, by Proposit i o n 4 . 1 2 ( a ) , t h e r e a r e no c i r c u i t s i n H ( v~)
. So, by Lemma 7 . 9 , t h e l a t t i c e p o i n t K ( v . + l ) l i e s on a ray with s t r i c t l y g r e a t e r s l o p e than t h e r a y on which K(v. implies we never have a = ad+l , s o t h e r e i s some d w i t h v . i ?
Thus t h e r e a r e more elementary c i r c u i t s i n each of H(d -1 ) and H(d + 1 ) than t h e r e a r e i n H(d)
.
2
So we may now assume a -e i s l a r g e , and hence N(A)/Area(A) = 61rL r ( 3 1 2 )~.
Let us temporarily assume a -e 5 b , then Area(B) 2 Area(A) . Since
N(B) A (6/7r2) Area(B) , t h i s implies
So we may now assume a -e > b , and hence a -e is extremely l a r g e .
W e may a l s o assume a and e a r e i n t e g e r s . Then, by induction on a ( s i n c e a -e < a) , we have N(A)/Area(A) = 6/lT2 ? E . Since ~( B ) l A r e a ( B ) 4 61r2 , i t follows t h a t N(T)/Area(T) = 6 1 4 ? E . n
The following i s a more general r e s u l t which may be of i n t e r e s t i n geometric number theory. W e use in(T) t o denote t h e r a d i u s of t h e i n s c r i b e d c i r c l e of t h e t r i a n g l e T .
COROLLARY 8.6. Suppose T m q e s 03er p k n u r t r i a n g z e s dtn one ver-kez a t the origin. 5zen 
P r o o f . Let C be t h e c i r c l e which i s c o n c e n t r i c w i t h t h e i n s c r i b e d c i r c l e of T and h a s r a d i u s i n ( T ) / 2 .
I f t h e r a d i u s of C i s l a r g e , t h e n C c o n t a i n s a l a t t i c e p o i n t P w i t h gcd(P) l a r g e . Some l i n e a r t r a n s f o r m a t i o n in GL2(Z) t a k e s P t o a p o i n t on t h e p o s i t i v e x -a x i s .
' t r i a n g l e s T ( ( e , a ) , ( b , 0) ) , each w i t h a , $9. HAMILTON CIRCUITS THEOREM 9.1.
For a x r ? 3 and all
Then t h e x -a x i s c u t s T i n t o two and b 1 a r g e . n n , n , ..., n > 1 , there is a
This s e c t i o n c o n s t i t u t e s a proof of t h e above. As e x p l a i n e d in S e c t i o n 1, t h i s theorem s o l v e s a problem posed by ~o l s z t~n ' s k i and S t r u b e 14, S e c t i o n 51.
We f r e e l y employ t h e n o t a t i o n i n t r o d u c e d in S e c t i o n 3 , and Theorem 7 . 1 is c r u c i a l t o t h e p r o o f . I n a d d i t i o n , we u s e Theorem 7 . 2 a t one minor p o i n t . 
To s i m p l i f y t h e argument, we begin by showing t h a t we may r e s t r i c t a t t e n t i o n t o t h e p o s s i b i l i t i e s r

i t which i s c o n s t r u c t e d by p a s t i n g t o g e t h e r Hamilton p a t h s in
Cay(Zn x ... x Zn ) . We w i l l u s e P r o p o s i t i o n 9.8 t o show t h e r e i s o f t e n a , C o r o l l a r i e s 9 . 9 and 9 . 1 0 ) . The g e n e r a l c a s e of Theorem 9 . 1 w i l l be a consequence of t h e abundance of t h e s e l a m i n a t e d c i r c u i t s . where each Pi is t h e list of t h e a r c s in some Hamilton p a t h in Cay(x,y : G) . Conversely, if each of Pl,P2, ..., P is a Hamilton p a t h in Cay(x,y : G) , t h e n (9.1) i s a laminated Eiamilton p a t h . Thus, t h e s e t of t e r m i n a l v e r t i c e s i s e q u a l t o [qIV -(0,1) . C o r o l l a r y 6.9(a) s t a t e s V G < y -
with the natural generating set {x,y}
the s e t of te&l vertices of HarrtiZton paths i n
unless a + b i s odd and gcd(a,b) = 1 , and h e w ue have be t h e p o i n t of i n t e r s e c t i o n of t h e l i n e s y = 2 and a x + by = a b . N o t i c e
1
Thus t h e number of l a t t i c e p o i n t s in i s g r e a t e r t h a n 2(a -2) . Hence we conclude t h a t [4] D c o n t a i n s a s t r i n g of a t l e a s t ab/(2g) c o n s e c u t i v e even i n t e g e r s , and a s t r i n g of a t l e a s t ab/(2g) c o n s e c u t i v e odd i n t e g e r s . Therefore 
The i d e a of t h e proof is t o consider
laminated Hamilton p a t h s in b o t h C a y ( Z x Z x 7) and Cay(% x Z x 2 ) and t o p a s t e t h e s e t o g e t h e r t o r e s u l t in a laminated Hamilton c i r c u i t in Cay(Za x Z x Z x 2 ) . We t a k e r laminated Hamilton p a t h s in t h e former and s in t h e l a t t e r t o do t h i s .
We may assume a 5 c (mod 2) . I f q < 4 , which i m p l i e s a b c i s odd, we may assume a , b Ã 5 .
I n any c a s e , we have r a , s b 3 4 .
We can f i n d u ? < y -z > -r a z and v 6 < x -z > -sbz such t h a t u + v = rx + s y . because rx + sy + r a z + sbz follows from the well-known fact that a cyclic group has only one subgroup of any order.
REMARK. 9.15. In certain cases in the proof of Theorem 9.1, we will find it useful to reduce the case r = 4 to r = 3 . Namely, suppose there is a Proof of Theorem 9.1. By Lemma 9.2, we may assume r = 3 or r = & .
Suppose r = 3 . For convenience, we let a = n and b = n2 and q = n 3 "
By letting a or b play the role of q if necessary, we may assume either ab is odd, or q is even. And, by further juggling, we may assume that if q = 2 or q = 3 , then neither a nor b is a proper multiple of q . We let G = Z a x \ with the natural generating set.
In the case r = 4 , we let a = nl and b = n2 and c = n and q = n If, for some i # j , we had n. = n. = 2! 4 ' then Remark 9.15 would 1 J reduce the problem to the case r = 3 . So we may assume either abc is odd.
or q 3 4 is even. We let G = Z x Z x Z with the natural generating set.
For notational convenience, most of the rest of the proof is written only for the case r = 4 . Throughout, the case r = 3 can be recovered by deleting terms which contain the symbol " z " or "Z" . Put H = <y -x , z -y> . We will deal with the exceptional case at the end of the proof.) Put F = <(qxlX + (qy) + ( q~)~> . Then:
(1) F = (F (1 <x>) x (F (1 <y>) x (F (1 <z>) is cyclic.
(2) Neither x nor y nor z belongs to F . We have concluded the main part of the proof. Return to the case r = 3 , and suppose that for every partition P = X U Y , we have either x â <qx> x or y 6 <qy> Then X = n(x) and q is relatively prime to a ; or Y " similarly for y . Because this must hold for every partition of P (and since P ; ll(x) (1 <y)) , it follows that IP] = 1 : also P = r(x) = T(y) and q is relatively prime to ab . In other words, there is a prime p with m n a = p 5 p = b , and p is relatively prime to q . We may assume q is even.
(Otherwise, we can interchange b and q ; then there will be a partition P = X U Y as desired.) The following is a Hamilton circuit in To complete the proof, suppose r = 4 and there is no "good" partition P = X U Y U Z . As above, we find that all of a,b,c are powers of a prime p . Then there is a Hamilton circuit in Cay(Z x Zb) . Remark 9.15 reduces our problem to the case r = 3 . 
